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Explicit formulae for primes in arithmetic
progressions, I∗†
Tomohiro Yamada
Abstract
We shall give an explicit formula for ψ(x, q, a) with an error term
of the form C/ logα x under the condition that q < logα1 x is nonex-
ceptional, for various values of α and α1. We shall also give an
explicit formula for ψ(x, q, a) with error terms C/ logA x working
whether q is exceptional or nonexceptional, but under the condition
that 0.4923Api q
1/2 log2 q < log x/ log log x. Moreover, we shall give an
explicit form of Bombieri-Vinogradov theorem over non-exceptional
moduli.
1 Introduction
The prime number theorem for arithmetic progressions states that ψ(x, q, a) =∑
pe≤x,pe≡a (mod Q) log p is x/ϕ(k) + o(x) as x→∞.
Moreover, Siegel-Walfisz theorem states that for any α > 0, the error
term can be bounded by O(x exp− c log
3/5 x
(log log x)1/5
) uniformly for q < logα x.
Prime number theorem for arithmetic progressions has many applica-
tions in number theory. Naturally we need have explicit estimates for the
error term for the ordinary prime number theorem to give explicit results
in such applications.
The classical results are Rosser[12] and Rosser and Schoenfeld[13][14],
giving explicit estimates for the ordinary prime number theorem (i.e. the
case q = 1, 2). It is after 1980’s that various explicit formulae for primes
∗2010 Mathematics Subject Classification: 11N13.
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in arithmetic progression have been obtained by several authors such as
McCurley[7, 8, 9], Ramare´ and Rumely[11], Dusart[4], Liu and Wang[5]
and Kadiri[6].
The purpose of this paper is to give an explicit formula with an error
term of the form C/ logα2 x under the condition q < logα1 x for various
values of α1 and α2. Our main results are the following two theorems.
Theorem 1.1. Let α1, α2, Y0 = log logX0, C be constants given in some
column of Table 5. Let q be a modulus ≤ logα1 x. Let E0 = 1 and β0 denote
the Siegel zero modulo q if it exists and E0 = 0 otherwise. If (a, q) = 1 and
x ≥ X0, then
− 1 + x−1
∑
χ (mod q)
|ψ(x, χ)| <
C
logα2 x
+ E0
xβ0−1
β0
(1)
and
ϕ(q)
x
∣∣∣∣ψ(x; q, a)− xϕ(q)
∣∣∣∣ < Clogα2 x + E0x
β0−1
β0
. (2)
Theorem 1.2. Let A, Y0 = log logX0, C be constants given in some column
of Table 5 with (α1, α2) = (1, A) and C
′ = C + 1/(1−AY0/e
Y0). If x > X0
and 0.4923A
pi
q1/2 log2 q < log x/ log log x, then we have
− 1 + x−1
∑
χ (mod q)
|ψ(x, χ)| <
C ′
logA x
(3)
and
ϕ(q)
x
∣∣∣∣ψ(x; q, a)− xϕ(q)
∣∣∣∣ < C ′logA x. (4)
One of applications of our formula is obtaining (almost) completely ex-
plicit Bombieri-Vinogradov theorem.
The well-known Bombieri-Vinogradov theorem, first proved by Bombieri[2],
states that for any constant A > 0, there exists some constant B such that
∑
q≤ x
1
2
logB x
max
(a,q)=1,2≤y≤x
∣∣∣∣ψ(y; q, a)− ψ(y)ϕ(q)
∣∣∣∣ = O
(
x
logA x
)
, (5)
where pi(y; q, a) denotes the number of primes ≤ y congruent to a (mod q).
Akbary and Hambrook[1] gave an explicit formula with B = A + 9
2
, with
moduli limited to those which is free of small prime factors. Our explicit
formula enables us to give (almost) completely explicit version of Bombieri-
Vinogradov theorem.
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Before stating our version of Bombieri-Vinogradov theorem, we intro-
duce a result concerning zeros of Dirichlet L-functions.
Lemma 1.3. Define Π(s, q) =
∏
χ (mod q) L(s, χ), R0 = 6.3970 and R1 =
2.0452. Then the function Π(s, q) has at most one zero ρ = β + it in the
region 0 ≤ β ≤ 1−1/R0 logmax{q, q |t|}. If such a zero exists, then it must
be real and simple and must correspond to a nonprincipal real character
χ (mod q). Moreover, for any given Q1, such a zero must satisfy β <
1− 1/2R1 logQ1 except possibly one modulus ≤ Q1.
This result easily follows from Theorems 1.1 and 1.3 of [6].
For a given Q1, we call a modulus q0 ≤ Q1 to be exceptional up to Q1 if
Π(s, q) has a zero ρ = β+ it with β ≥ 1− 1/2R1 logQ1. Now we shall state
our explicit version of Bombieri-Vinogradov theorem.
Theorem 1.4. Let A be an integer with 6 ≤ A ≤ 10 and Y0 = 10.1(A =
6), 10.5(A = 7), 10.9(A = 8), 11.2(A = 9) and 11.5(A = 10), C be the
constant in Table 5 corresponding to the column (α1, α, Y ) = (A,A−3, Y0),
c0, c1 be the constants defined by
c0 =
2
13
2
9pi log 2
(
1
3
+
3
2 log 2
)(
2 + log(log 2/ log(4/3))
log 2
)√
ψ(113)
113
(6)
and
c1 =
∏
p
(
1 +
1
p(p− 1)
)
=
ζ(2)ζ(3)
ζ(6)
. (7)
We note that c0 < 48.833 and c1 < 1.9436.
Let Q = x
1/2
logA x
and 1 ≤ Q1 ≤ log
A x. Let q0 denote the exceptional
modulus up to Q1 if it exists. If log log x > X0, then the inequality
∑
q≤Q,q0∤q
max
a (mod q)
∣∣∣∣ψ(x, q, a)− ψ(x)ϕ(q)
∣∣∣∣
< x
1
2 +
c1c0(2 + e
−800)x
logA−
9
2 x
+
2c0c1x log
9
2 x
Q1
+
c21(C0 + e
−17)x(1 + A log log x)
2 logA−4 x
.
(8)
holds.
Our explicit Bombieri-Vinogradov theorem is not completely explicit in
two senses: First, max2≤y≤x should be removed. But in many applications,
this would not cause a serious problem. Second, we must avoid exceptional
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Table 1: constants C1, C2
C1 C2
0.247 9.359
0.264 8.049
0.281 7.323
0.298 6.828
0.315 6.455
0.332 6.156
0.349 5.907
0.365 5.694
0.382 5.506
0.399 5.338
moduli. However, our version would still have several applications. Indeed,
combined with the author’s explicit linear sieve [18] and a technique which
discharges us from large exceptional moduli, the author obtained explicit
version of Chen’s celebrated theorem that any sufficiently large even num-
bers can be written as the sum of a prime and a product of at most two
primes[19]; the author showed that exp exp 36 suffices.
For calculations of constants, we used PARI-GP. Our script is available
from http://tyamada1093.web.fc2.com/math/files/prim0003pari.txt
and can be used to calculate constants for arbitrary values of α and α1.
2 Preliminary Lemmas
We combine the method of McCurley in [8] and results of Kadiri concerning
the distribution of zeros of Dirichlet L-functions in [6]. We begin by the
following zero-free region.
Let T = logα x, where α = α1+α2+3 ≥ 5. We let two constants C1, C2
be given in any column of Table 1 and put
F (T ) =
T
pi
log
qT
2pie
, R(T ) = C1 log qT + C2. (9)
Then, Theorem 1 of [17] gives that N(χ, T ) ≤ F (T ) +R(T ).
For a Dirichlet character χ modulo q, we use z(χ) to represent the set of
zeros ρ = β + iγ of L(s, χ) with β ≥ 0 and ρ 6= 0. Moreover, for H > 1 and
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R > 0, we use z0(χ,H,R) to represent the set of zeros ρ = β + iγ of L(s, χ)
with 1
2
< β ≤ 1−1/R log qH, |γ| ≤ H and z1(χ,H,R) to represent the set of
zeros ρ = β+ iγ of L(s, χ) with 1−1/R log qH < β ≤ 1−1/R0 log qH, |γ| ≤
H . Of course, GRH implies that these sets would be empty.
We set
Σ =
∑
χ
∑
ρ∈z(χ),|γ|≤T
xβ−1
|ρ|
. (10)
We can estimate error terms in the prime number theorem in arithmetic
progressions by these sums.
Similarly to Theorem 8 of [5], we have the following lemma.
Lemma 2.1. If t > exp exp 6.8, then we have
|ψ(t, χ)− δ(χ)t| ≤
∑
ρ∈z(χ),|γ|≤T
xβ
|ρ|
+ 1.3833
t log2 x
T
, (11)
where δ(χ) = 1 if χ is principal and δ(χ) = 0 otherwise.
Proof. We shall mainly consider the case χ is primitive and show that (11)
holds with 1.3833 replaced by 1.38329. If χ (mod q) is induced by the
primitive character χ1 (mod q1), then |ψ(t, χ)− ψ(t, χ1)| ≤ log q/ log 2 ≤
A logL/ log 2 ≤ e−20tL2/T and (11) holds. If χ = χ0 is the principal char-
acter, then the following argument can be proceeded with ψ(t, χ) replaced
by ψ(t, χ)− t.
We begin by seeing that Lemma 8 of [3] gives
∑
|γ−T |≤1 1 ≤ 3.5(0.5 log q(T+
2)+ 0.59773) ≤ C3 log(qT )− 1, where C3 < 1.83, so that there exists a real
T0 such that |T0 − T | ≤ 1 and
1
|γ − T0|
≤ C3 log(qT ). (12)
We can confirm that L and T are enough large for us to obtain
ψ(t, χ) =
1
2pii
∫
b−iT0
b+ iT0 −
L′
L
(s, χ)
ts0
s
ds+R6, (13)
where t0 = ⌊t+ 0.5⌋, and
ψ(2.5, χ) =
1
2pii
∫
b−iT0
b+ iT0 −
L′
L
(s, χ)
2.5s
s
ds+R7, (14)
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with |R6| ≤ 1.38305tL
2/T and |R7| ≤ 2L/(T − 1) ≤ e
−1000tL2/T . Thus
(4.5) in [5] holds with |R8| ≤ |R6| + |R7| + log 2 < 1.38306tL
2/T and (4.6)
in [5] holds with |R9| ≤ |R8|+ exp(log(t+ 1)/L)TL/(2pi) ≤ 1.38307tL
2/T .
Using Lemmas 9 and 9′ of [3], we have∣∣∣∣L′L (σ + iT, χ)
∣∣∣∣ ≤ 4.6 log(qT ) + C23 log2(qT ) (15)
for −0.5 ≤ σ ≤ b, and∣∣∣∣L′L (−0.5 + it, χ)
∣∣∣∣ ≤ 1.5 log q(T +2)+1.79319+ 358 log(T +2)+13.4. (16)
Thus we obtain∣∣∣∣ 12pii
∫
−0.5±iT0
b± iT0 −
L′
L
(s, χ)
ts0 − 2.5
s
s
ds
∣∣∣∣ ≤ 0.00003tL2T (17)
and∣∣∣∣ 12pii
∫
−0.5−iT0
−0.5 + iT0 −
L′
L
(s, χ)
ts0 − 2.5
s
s
ds
∣∣∣∣ . ≤ 1.31 logT log(qT )
(18)
Hence (4.8) in [5] holds with |R10| ≤ 1.3831tL
2/T . Since 3.5(0.5 log q(T+
2) + 0.59773) < 0.000092(T − 1)L2/T , (4.9) in [5] holds with the constant
1.38039 replaced by 1.3832.
By Theorem 1 of [17], we have N(χ, 1) ≤ 0.399 log q+5.338 and therefore
∑
|γ|≤1
1
ℜρ
≤
0.4923q
1
2 log2 q
pi
+R0(log q)N(χ, 1)
≤ 0.33q
1
2 log2 q ≤ 0.39α21L
α1
2 log2 L
≤ e−1000
tL2
T
.
(19)
We see that, using Theorem 6 of [5], or Theorem 1 of [17],
∑
1≤|γ|≤T+1
1
|ρ|
≤
N(χ, T + 1)
T + 1
+
∫ T+1
1
N(χ, y)
y2
dy ≤
log2(T + 1)
2pi
≤ e−1000
tL2
T
.
(20)
Hence
∑
|γ|≤T+1 |2.5
ρ/ρ| ≤ e−999tL2/T .
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Similarly, observing that t1−β1− β with 1− pi/(0.4934q1/2 log2 q) ≤ β ≤
1/2 takes the maximum at β = 1/2, we obtain
∑
|γ|≤1,β≤1/2
t
1
2
ℜρ
≤ t
1
2 (2 +R0(log q)N(χ, 1))
≤ 10t
1
2 log2 q ≤ 10α21t
1
2 log2 L
≤ e−1000
tL2
T
(21)
and
∑
1≤|γ|≤T+1
1
|ρ|
≤
N(χ, T + 1)
T + 1
+
∫ T+1
1
N(χ, y)
y2
dy ≤
log2(T + 1)
2pi
< e−500
tL2
T
.
(22)
This proves (11) with 1.3833 replaced by 1.38329. In the imprimitive
case, (11) follows from the argument in the beginning of the proof and the
proof is complete.
So that, it suffices to obtain upper bounds for Σ. The following lemmas,
combined with Lemma 1.3, enable us to obtain these upper bounds. How-
ever, an upper bound for Σ obtained by Lemma 1.3 would be large. We can
improve an upper bound by dividing the sum Σ as follows.
We additionally set the following two sums
µ0 =
∑
χ
∑
ρ∈z0(χ,T,R)
xβ−1
|ρ|
,
µ1 =
∑
χ
∑
ρ∈z1(χ,T,R)
xβ−1
|ρ|
.
(23)
Then we can easily see that
Σ ≤ µ0 + µ1 + E0
xβ0−1
β0
. (24)
Now results in [5] concerning the number of zeros near the line σ = 1
enable us to improve an upper bound for Σ by choosing R larger than R0.
We can easily see that
∑
ρ∈z0(χ,T,R)
xβ−1
|ρ|
≤
1
2
x−1/R log qT
(
2N(χ, 1) +
∫ T
1
dN(χ, t)
t
)
, (25)
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Using to (3.30) in [8, p. 278], we obtain
2N(χ, 1)+
∫ T
1
dN(χ, t)
t
≤
N(χ, T )
T
+N(χ, 1)+
log2 T
2pi
+F (1) log T+R(1)+C1.
(26)
Since N(T ) ≤ F (T ) +R(T ) and N(1) ≤ F (1) +R(1), this is at most
≤ S :=
α2 + 2αα1
2pi
l2+
2α1 − α log(2pi)
pi
l+
R(T )
T
+2R(1)−
2(1 + log(2pi))
pi
+C1,
(27)
where l = logL = log log x.
Hence we obtain µ0 ≤ (ϕ(q)S)x
−1/R log qT/2 and using (11), we conclude
that ∑
χ (mod q)
|ψ(t, χ)− δ(χ)t| ≤ µ1 +
qS
2
x−1/R log qT + 1.38
x
logα2+1 x
. (28)
In order to estimate the remaining term µ1, we use the following in-
equality.
Lemma 2.2. Let ρ = β+it be a zero of L(s, χ) with β < 1−1/R0 log qT, |t| ≤
T and ρ 6= 0. Let λ be such that β = 1− λ/ log qT . Then we have
∣∣∣∣xρ−1ρ
∣∣∣∣ <


x−1/R0 log q
1− 1
R0 log q
if |t| ≤ 1,
q exp−2
√
log x
R0
if |t| > 1, exp
√
x
R0
< (qT )1/R0λ,
q x
−λ/ log qT
(qT )1/R0λ
otherwise.
(29)
Proof. We may assume that t > 0 and see that
∣∣∣xρ−1ρ ∣∣∣ < xβ−1t . In the case
|t| < 1, ∣∣∣∣xρ−1ρ
∣∣∣∣ < xβ−1β . (30)
Since β > 1
R0 log q
≥ 1
log x
, we have (29) in this case.
If t ≥ 1, then we have
xβ−1
t
<
x−1/R0 log qt
t
≤ q exp−2
√
log x
R0
(31)
since
1
R0 log qt
+
log t
log x
=
1
R0 log qt
+
log qt
log x
−
log q
log x
≥ 2
√
1
R0 log x
−
log q
log x
. (32)
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Let t0 =
1
q
exp
√
x
R0
and t1 = q
1
R0λ
−1
T
1
R0λ . Now we may assume that
t0 ≥ t1, that is, qt0 = exp
√
x
R0
≥ (qT )1/R0λ = qt1. In the case t ≤ t1 we
have
x−1/R0 log qt
t
≤
x−1/R0 log qt1
t1
= q
x−λ/ log qT
(qT )1/R0λ
(33)
since x
−1/R0 log qt
t
is increasing below t0. Moreover, in the other case we have
x−λ/ log qT
t
≤
x−λ/ log qT
t1
= q
x−λ/ log qT
(qT )1/R0λ
. (34)
3 Proof of main results
Now we shall estimate µ1, the sum of
∣∣∣xρ−1ρ ∣∣∣ over zeros ρ of L(s, χ) with
1− R < log qT < βi < 1−R0/ log qT, 1 ≤ |ti| ≤ T .
Let ρ1 = β1 + it1, ρ2 = β2 + it2, . . . be all zeros of Π(s, q) with βi =
1− λi/ log qT, 1 ≤ ti ≤ T and 1/R0 < λ1 ≤ λ2 ≤ λ3 ≤ . . ..
We shall summarize some results of [5] concerning the distribution of
zeros of Π(s, q).
Lemma 3.1. Assume that qT ≥ 8 × 109. Then λ1 ≤ ηi implies λ2 > ξi
for each i = 1, 2, . . . , 12, where ηi’s and ξi’s are given as in Table 2, and
λ3 > 0.26213. Moreover, if qT ≥ 10
11, then for each n of Table 3, λn must
be greater than the corresponding value,
Proof. Theorem 2 and Table 1 of [5, p.p. 269–270] give the result for λ1
and λ2. The result for λ3 is just Theorem 1 of [5, p. 265]. The remaining
results follow from Table 3-5 of [5, p.p. 277–279].
By Lemma 2.2, we have
∣∣∣xρ−1ρ ∣∣∣ < µ(λ), where µ(λ) is the function rep-
resented by the right-hand side of (29). Now Lemma 3.1 gives an upper
bound for µ1.
Corollary 3.2. Assume that qT ≥ 1011. Then, for some i = 1, 2, . . . , 11
we have
µ1 <2 min
0≤J≤12
(
µ(ηi) + µ(ξi+1) +
J∑
j=1
Mjµ(max{ξi+1, νj})
)
(35)
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Table 2: constants ηi and ξi
i ηi ξi
1 0.10367089 0.3534
2 0.12 0.3221
3 0.13 0.3050
4 0.14 0.2891
5 0.15 0.2743
6 0.16 0.2605
7 0.17 0.2477
8 0.18 0.2356
9 0.19 0.2242
10 0.20 0.2135
11 0.206 0.2074
12 0.2067 0.2067
Table 3: constants related to each modulus
n 4 5 6 7 10 18 45
λn > 0.28 0.31 0.32 0.33 0.36 0.39 0.42
n 91 146 332 834 7000
λn > 0.45 0.46 0.47 0.475 0.478
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Table 4: constants νj and Mj in Corollary 3.2
j 1 2 3 4 5 6 7 8
νj 0.26213 0.27 0.30 0.32 0.33 0.36 0.39 0.42
Mj 1 1 1 1 4 7 27 57
j 9 10 11 12 13
νj 0.45 0.46 0.47 0.475 0.478
Mj 55 186 502 6166 –
with R = Ri,J = max{ξi+1, νJ+1}, where Mj’s and νj’s are defined in Table
4.
So that the sum ϕ(q)Sx−1/R log qT + µ1 in (28) is at most
max
1≤i≤11
min
0≤J≤12
qSx−1/Ri,J log qT + 2
(
µ(ηi) + µ(ξi+1) +
J∑
j=1
Mjµ(max{ξi+1, νj})
)
.
(36)
Now we shall prove Theorem 1.1. We shall use (36); we have qT ≥ 1011
for any value of α2 in Table 5. For each pair (α1, α2) in Table 5, we cal-
culated an upper bound for C in appropriate ranges for each X0 such that
10 log logX0 is an integer and we obtained the desired results using PARI-
GP (The output is available from http://tyamada1093.web.fc2.com/math/files/prim0003pariout.
This completes the proof of Theorem 1.1.
Next we shall prove Theorem 1.2. Since our assumption implies that
q < log2 x, we have by (28) with α1 = 2,
− 1 + x−1
∑
χ (mod q)
|ψ(x, χ)| <
C log log x
log x
+ E0
xβ0−1
β0
. (37)
Now assume that E0 = 1 and let β0 >
1
2
be the Siegel zero of L(s, χ).
Then, Theorem 3 of [5] gives β0 ≤ 1−
pi
0.4923q1/2 log2 q
.
Since we have assumed that 0.4923A
pi
q1/2 log2 q < log x/ log log x, we have
xβ0−1
β0
<
x
− pi
0.4923q1/2 log2 q
1− pi
0.4923q1/2 log2 q
<
1(
1− A log log x
log x
)
logA x
. (38)
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Combining (37) and (38), we have
ϕ(q)
x
∣∣∣∣ψ(x; q, a)− xϕ(q)
∣∣∣∣ < C ′logA x (39)
for x ≥ X0 and
0.4923A
pi
q1/2 log2 q < log x/ log log x.
4 Proof of Thorem 1.4
We see that
|ψ(x, χ)− ψ(x, χ∗)| ≤
∑
pk≤x,p|q
log p < ω(q)(logx) ≤ log2(qx), (40)
where ω(q) denotes the number of distinct prime factors of q. Noting that
ψ(x, χ∗0) = ψ(x), we have
∣∣∣∣ψ(x, q, a)− ψ(x)ϕ(q)
∣∣∣∣ ≤ 1ϕ(q)
∣∣∣∣∣∣
∑
χ (mod q),χ 6=χ0
ψ(x, χ∗)
∣∣∣∣∣∣+ log2(qx). (41)
Hence we obtain
∑
q≤Q
max
a (mod q)
∣∣∣∣ψ(x, q, a)− ψ(x)ϕ(q)
∣∣∣∣ ≤Q log2(Qx) + ∑
1<q≤Q,q0∤q
1
ϕ(q)
∣∣∣∣∣∣
∑
χ (mod q),χ 6=χ0
ψ(x, χ∗)
∣∣∣∣∣∣
<x
1
2 +
∑
1<q≤Q,q0∤q
1
ϕ(q)
∣∣∣∣∣∣
∑
χ (mod q),χ 6=χ0
ψ(x, χ∗)
∣∣∣∣∣∣ .
(42)
Since each character χ (mod q) is induced from a certain primitive character
χ∗ (mod q∗) with q∗ | q, the last sum is at most
∑
m≥1,q∗>1,
q0∤q∗,
mq∗≤Q
1
ϕ(mq∗)
∣∣∣∣∣∣
∗∑
χ (mod q∗)
ψ(x, χ)
∣∣∣∣∣∣
≤
( ∑
1≤m≤Q
1
ϕ(m)
) ∑
1<q≤Q,q0∤q
∣∣∣∣∣∣
∑∗
χ (mod q)
ψ(x, χ)
∣∣∣∣∣∣ .
(43)
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Using Theorem 1.2 of [1], we have
∑
Q1<q≤Q
1
ϕ(q)
∣∣∣∣∣∣
∑∗
χ (mod q)
ψ(x, χ)
∣∣∣∣∣∣ ≤c0
(
4x
Q1
+ 4x
1
2Q + 18x
2
3Q
1
2 +
5
2
x
5
6 log x
)
log
7
2 x
≤c0
(
4x
Q1
+
4x
logA x
+
18x
11
12
log
A
2 x
+
5
2
x
5
6 log x
)
log
7
2 x
≤
4c0x
Q1
+
c0x
logA−
7
2 x
(
4 +
18 log
A
2 x
x
1
12
+
5 logA+1 x
2x
1
6
)
<
4c0x
Q1
+
c0(4 + e
−800)x
logA1−
7
2 x
,
(44)
where
c0 =
2
13
2
9pi log 2
(
1
3
+
3
2 log 2
)(
2 + log(log 2/ log(4/3))
log 2
)√
ψ(113)
113
<48.833.
(45)
Now we consider the sum
∑∗
χ (mod q)
ψ(x, χ) for moduli q with q ≤ Q1,
q0 ∤ q.
The proof of Theorem 3.6 of [8] shows that the left-hand side quantity
ϕ(q)
x
∣∣∣ψ(x; q, a)− xϕ(q) ∣∣∣ in this theorem can be replaced by−1+x−1∑χ (mod q) |ψ(x, χ)|.
This also applies to Theorem 1.1.
Now, provided that x ≥ x0, Theorem 1.1 gives∣∣∣∣∣∣−1 +
1
x
∑
χ (mod q)
|ψ(x, χ)|
∣∣∣∣∣∣ <
C0
logA+1 x
+ E0
x1−β0
β0
, (46)
where E0 = 1 and β0 denote the Siegel zero modulo q if it exists and E0 = 0
otherwise.
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We see that
∑∗
χ (mod q)
|ψ(x, χ)| ≤
∣∣∣∣∣∣−1 +
1
x
∑
χ (mod q)
|ψ(x, χ)|
∣∣∣∣∣∣+
∣∣∣∣ψ(x, χ0)x − 1
∣∣∣∣
≤
∣∣∣∣∣∣−1 +
1
x
∑
χ (mod q)
|ψ(x, χ)|
∣∣∣∣∣∣+
∣∣∣∣ψ(x)x − 1
∣∣∣∣ + log qx log 2
≤
∣∣∣∣∣∣−1 +
1
x
∑
χ (mod q)
|ψ(x, χ)|
∣∣∣∣∣∣+
e−18x
logA−3 x
,
(47)
using the inequality (Theorem 11 of [16])
∣∣∣∣ψ(x)x − 1
∣∣∣∣ <
√
8
17pi
(
log x
R2
) 1
4
exp−
√
log x
R2
(48)
for x ≥ 101, where R2 = 9.645908801. Therefore (46) becomes
∑∗
χ (mod q)
|ψ(x, χ)| <
(C0 + e
−18)x
logA−3 x
+ E0
x1−β0
1− β0
, (49)
where E0 = 1 and β0 denote the Siegel zero modulo q if it exists and E0 = 0
otherwise.
Since q ≤ Q1 is non-exceptional, the right-hand side of (49) is at most
(C0 + e
−18)x
logA−3 x
+
x
1− 1
2AR1 log log x
1− 1
2AR1 log log x
. (50)
We can easily confirm that, provided that x ≥ x0,
x
1− 1
2AR1 log log x
1− 1
2AR1 log log x
< e−50
x
logA−3 x
(51)
and therefore ∑∗
χ (mod q)
|ψ(x, χ)| <
(C0 + e
−17)x
logA−3 x
. (52)
We see that
∑
1≤m≤Q1
1
ϕ(m)
< c1(1+ logQ1) from the argument in the proof
of Theorem A. 17 in [10, p. 316]. Thus we obtain
∑
q≤Q1,q0∤q
1
ϕ(q)
∑∗
χ (mod q)
|ψ(x, χ)| ≤
c1(C0 + e
−17)x(1 + A log log x)
logA−3 x
. (53)
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Observing that
∑
m≤Q
1
ϕ(m)
< c1(1 + logQ) <
c1
2
log x and substituting
(44), (53) into (43), we see that the last sum of (42) is at most
c1c0(2 + e
−800)x
logA−
9
2 x
+
2c0c1x log
9
2 x
Q1
+
c21(C0 + e
−17)x(1 + A log log x)
2 logA−4 x
. (54)
This proves Theorem 1.4.
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Table 5: constants related to Theorem 1
α1 α Y0 C
1 1 68 341.37279
1 1 69 139.24784
1 1 70 51.198745
1 1 71 16.805224
1 1 72 4.9039512
1 1 73 1.2429184
1 1 74 0.2720959
1 1 75 0.0511499
1 1 76 0.0085318
1 1 77 0.0016318
1 1 78 0.0006712
1 1 79 0.0005215
1 2 77 287.04559
1 2 78 49.708220
1 2 79 7.0904806
1 2 80 0.8182991
1 2 81 0.0751978
1 2 82 0.0056819
1 2 83 0.0006284
1 2 84 0.0003224
1 2 85 0.0002818
1 3 84 27.074957
1 3 85 1.4777161
1 3 86 0.0591888
1 3 87 0.0018985
1 3 88 0.0002410
1 3 89 0.0001891
1 4 88 169.98979
1 4 89 4.3948140
1 4 90 0.0767410
1 4 91 0.0010204
1 4 92 0.0001459
1 5 92 94.371270
1 5 93 0.8513896
1 5 94 0.0047470
1 5 95 0.0001181
1 5 96 0.0000938
1 6 95 411.32655
1 6 96 1.5600920
1 6 97 0.0033364
1 6 98 0.0000803
α1 α Y0 C
1 7 98 224.55734
1 7 99 0.2773700
1 7 100 0.0002301
1 7 101 0.0000569
1 8 101 8.1198690
1 8 102 0.0024266
1 8 103 0.0000469
1 9 103 70.055386
1 9 104 0.0085547
1 9 105 0.0000385
1 10 105 145.53327
1 10 106 0.0062008
1 10 107 0.0000313
1 10 108 0.0000001
2 1 77 366.59584
2 1 78 63.466310
2 1 79 9.0503268
2 1 80 1.0500668
2 1 81 0.0967331
2 1 82 0.0072533
2 1 83 0.0007180
2 1 84 0.0003264
2 1 85 0.0002820
2 2 84 33.655774
2 2 85 1.8367608
2 2 86 0.0735210
2 2 87 0.0023052
2 2 88 0.0002489
2 2 89 0.0001892
2 3 88 206.74646
2 3 89 5.3442833
2 3 90 0.0932719
2 3 91 0.0012073
2 3 92 0.0001472
2 4 92 112.75512
2 4 93 1.0170960
2 4 94 0.0056481
2 4 95 0.0001209
2 4 96 0.0000938
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α1 α Y0 C
2 5 95 484.26872
2 5 96 1.8365549
2 5 97 0.0039123
2 5 98 0.0000809
2 6 98 261.09757
2 6 99 0.3224670
2 6 100 0.0002573
2 6 101 0.0000569
2 7 101 9.3404567
2 7 102 0.0027835
2 7 103 0.0000469
2 8 103 79.844778
2 8 104 0.0097436
2 8 105 0.0000386
2 9 105 164.53130
2 9 106 0.0070055
2 9 107 0.0000313
2 10 107 63.493001
2 10 108 0.0007963
2 10 109 0.0000256
2 10 110 0.0000001
3 1 84 40.187937
3 1 85 2.1926074
3 1 86 0.0890408
3 1 87 0.0028106
3 1 88 0.0002627
3 1 89 0.0001896
3 2 88 243.40542
3 2 89 6.2933477
3 2 90 0.1099001
3 2 91 0.0013993
3 2 92 0.0001487
3 3 92 131.08327
3 3 93 1.1823671
3 3 94 0.0065480
3 3 95 0.0001237
3 3 96 0.0000938
α1 α Y0 C
3 4 95 557.01746
3 4 96 2.1123032
3 4 97 0.0044867
3 4 98 0.0000815
3 5 98 297.55254
3 5 99 0.3674601
3 5 100 0.0002844
3 5 101 0.0000569
3 6 101 10.558512
3 6 102 0.0031396
3 6 103 0.0000470
3 7 103 89.615782
3 7 104 0.0109304
3 7 105 0.0000386
3 8 105 183.49683
3 8 106 0.0078087
3 8 107 0.0000313
3 9 107 70.410044
3 9 108 0.0008799
3 9 109 0.0000256
3 10 109 3.7235338
3 10 110 0.0000334
3 10 111 0.0000003
3 10 112 0.0000001
4 1 88 279.89541
4 1 89 7.2338934
4 1 90 0.1298417
4 1 91 0.0017720
4 1 92 0.0001558
4 2 92 149.37762
4 2 93 1.3500825
4 2 94 0.0075153
4 2 95 0.0001277
4 2 96 0.0000938
4 3 95 629.69393
4 3 96 2.3881358
4 3 97 0.0050654
4 3 98 0.0000822
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α1 α Y0 C
4 4 98 333.97042
4 4 99 0.4124195
4 4 100 0.0003115
4 4 101 0.0000569
4 5 101 11.775583
4 5 102 0.0034955
4 5 103 0.0000470
4 6 103 99.380273
4 6 104 0.0121164
4 6 105 0.0000387
4 7 105 202.45206
4 7 106 0.0086116
4 7 107 0.0000314
4 8 107 77.323788
4 8 108 0.0009635
4 8 109 0.0000256
4 9 109 4.0719188
4 9 110 0.0000343
4 10 110 10553.818
4 10 111 0.0204677
4 10 112 0.0000190
4 10 113 0.0000001
5 1 92 167.66332
5 1 93 1.5120638
5 1 94 0.0100915
5 1 95 0.0001509
5 1 96 0.0000939
5 2 95 702.27252
5 2 96 2.6767555
5 2 97 0.0058542
5 2 98 0.0000850
5 3 98 370.41678
5 3 99 0.4578772
5 3 100 0.0003417
5 3 101 0.0000570
α1 α Y0 C
5 4 101 12.992382
5 4 102 0.0038532
5 4 103 0.0000470
5 5 103 109.13817
5 5 104 0.0133020
5 5 105 0.0000388
5 6 105 221.39416
5 6 106 0.0094139
5 6 107 0.0000314
5 7 107 84.233287
5 7 108 0.0010471
5 7 109 0.0000256
5 8 109 4.4201216
5 8 110 0.0000353
5 9 110 11419.253
5 9 111 0.0221440
5 9 112 0.0000190
5 10 112 22.759465
5 10 113 0.0000240
5 10 114 0.0000001
6 1 95 774.84324
6 1 96 2.9379648
6 1 97 0.0062067
6 1 98 0.0000955
6 2 98 406.74243
6 2 99 0.5177958
6 2 100 0.0005074
6 2 101 0.0000572
6 3 101 14.230994
6 3 102 0.0043119
6 3 103 0.0000473
6 4 103 118.90823
6 4 104 0.0145133
6 4 105 0.0000389
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α1 α Y0 C
6 5 105 240.33821
6 5 106 0.0102188
6 5 107 0.0000314
6 6 107 91.142884
6 6 108 0.0011307
6 6 109 0.0000256
6 7 109 4.7683260
6 7 110 0.0000362
6 8 110 12284.687
6 8 111 0.0238203
6 8 112 0.0000190
6 9 112 24.420945
6 9 113 0.0000245
6 10 113 14130.221
6 10 114 0.0024791
6 10 115 0.0000044
6 10 116 0.0000001
7 1 98 443.12389
7 1 99 0.5471351
7 1 100 0.0003927
7 1 101 0.0000574
7 2 101 15.423819
7 2 102 0.0082841
7 2 103 0.0000503
7 3 103 129.05908
7 3 104 0.0169840
7 3 105 0.0000402
7 4 105 259.38714
7 4 106 0.0111522
7 4 107 0.0000315
7 5 107 98.059267
7 5 108 0.0012172
7 5 109 0.0000256
7 6 109 5.1166158
7 6 110 0.0000372
α1 α Y0 C
7 7 110 13150.105
7 7 111 0.0254970
7 7 112 0.0000190
7 8 112 26.082288
7 8 113 0.0000250
7 9 113 15059.773
7 9 114 0.0026411
7 10 115 0.4569526
7 10 116 0.0000127
7 10 117 0.0000001
8 1 101 16.639402
8 1 102 0.0049176
8 1 103 0.0000478
8 2 103 138.40436
8 2 104 0.0168563
8 2 105 0.0000514
8 3 105 278.20999
8 3 106 0.0176009
8 3 107 0.0000329
8 4 107 105.25995
8 4 108 0.0015069
8 4 109 0.0000256
8 5 109 5.4707339
8 5 110 0.0000394
8 6 110 14015.192
8 6 111 0.0271902
8 6 112 0.0000190
8 7 112 27.743089
8 7 113 0.0000255
8 8 113 15988.974
8 8 114 0.0028032
8 9 115 0.4842973
8 9 116 0.0000127
8 10 116 42.515883
8 10 117 0.0000119
8 10 118 0.0000001
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α1 α Y0 C
9 1 103 148.15370
9 1 104 0.0180405
9 1 105 0.0000390
9 2 105 297.13835
9 2 106 0.0126220
9 2 107 0.0000332
9 3 107 111.86299
9 3 108 0.0043396
9 3 109 0.0000263
9 4 109 6.0873692
9 4 110 0.0000896
9 5 110 14886.409
9 5 111 0.0302231
9 5 112 0.0000190
9 6 112 29.418754
9 6 113 0.0000267
9 7 113 16918.289
9 7 114 0.0029683
9 8 115 0.5116813
9 8 116 0.0000127
9 9 116 44.850504
9 9 117 0.0000119
9 10 117 1923.3233
9 10 118 0.0000167
9 10 119 0.0000001
α1 α Y0 C
10 1 105 316.06672
10 1 106 0.0134237
10 1 107 0.0000314
10 2 107 118.76799
10 2 108 0.0014647
10 2 109 0.0000257
10 3 109 6.1605138
10 3 110 0.0002801
10 4 110 15744.953
10 4 111 0.0946919
10 4 112 0.0000209
10 5 112 31.907392
10 5 113 0.0000663
10 6 113 17854.358
10 6 114 0.0034270
10 7 115 0.5399268
10 7 116 0.0000128
10 8 116 47.186782
10 8 117 0.0000120
10 9 117 2020.8916
10 9 118 0.0000171
10 10 118 40634.957
10 10 119 0.0000610
10 10 120 0.0000001
